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     ,     : 1.   

 (diamond), 2.  (cat ‘s eye or lapis lazuli), 3.  (blue  sapphire)  , 4. 

  (  topaz or onyx)  , 5.  (topaz), 6.    (emerald), 7.  

 (ruby), 8.  (red coral), 9. , (pearl).  , “  these gems 

 are 1.  diamond  , 2. chrysoberyl cat's eye, 3. blue  sapphire, 4. orange 

 hessonite  garnet  , 5. yellow  sapphire  , 6.  emerald  ,  7.  ruby  , 8.  red coral,  and 9. 

 pearl  ”  .          ! 

 : , , , , , , ,  

 : , , , , , ,  
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      “  ”     

  .      ,   
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 9   .  6363  .    
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 . 
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   .  9  1 , 2 , 3 , …     
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 (casting out the nines) .   preuve par neuf .   

  ,         . 

  239  4649     111 111 1   . 

      .     
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 .  .  2, 3, 9   14  . 

  9  5 .   ,  4649    

  23 .  9     5 .  5   5 

   25 .   2, 5  7 .   9  

    7   ,        7  

          .   

       . 

  . 

 2^32 + 1 = 4294967297 = 641 x  6700417 

   .     ? 

        6 + 4 + 1 = 11, 6 + 7 + 4 + 1 + 7 = 25 

  .       1 + 1 = 2,  2 + 5 = 7  . 

     2 x 7 = 14.     5 .   

       59  .    14,  5 

 .  4294967297 = 641 x  6700417   ! 

          .   

  .      .  
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 . 
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   18,    9.   , .    
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  18,   9.           

      . 
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       . ,  
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     .  .    

  .   .  18   700  

  18     . ,  

  . 

              

    18 ! (1+8)*2 = 18. 

   

      .   , ,  . 

  27: , , , , , , , , , , 

 , , , , , , ,  , , , , 

 , , , , , .   lunar asterisms 

 . 

         .     

    ,        , 

         ”  ”   . 
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   60: (1)  (1927, 1987, 2047, 2107), (2)  (1928, 1988, 2048, 

 2108), (3)  (1929, 1989, 2049, 2109), (4)  (1930, 1990, 2050, 2110), (5) 

  (1931, 1991, 2051, 2111); (6)  (1932, 1992, 2052, 2112), (7)  

 (1933, 1993, 2053, 2113), (8)  (1934, 1994, 2054, 2114), (9)  (1935, 1995, 



 2055, 2115), (10)  (1936, 1996, 2056, 2116), (11)  (1937, 1997, 2057, 2117), 

 (12)  (1938, 1998, 2058, 2118), (13.)  (1939, 1999, 2059, 2119), (14) 

 . (1940, 2000, 2060, 2120), (15)  (1941, 2001, 2061, 2121), (16)  

 (1942, 2002, 2062, 2122), (17) , (1943, 2003, 2063, 2123), (18)  (1944, 

 2004, 2064, 2124), (19)  (1945, 2005, 2065, 2125), 20.  (1946, 2006, 2066, 

 2126), (2) .  (1947, 2007, 2067, 2127), (22)  (1948, 2008, 2068, 2128), 

 (23)  (1949, 2009, 2069, 2129), (24)  (1950, 2010, 2070, 2130), (25)  

 (1951, 2011, 2071, 2131), (26)  (1952, 2012, 2072, 2132), (27)  (1953, 

 2013, 2073, 2133), (28)  (1954, 2014, 2074, 2134), (29)  (1955, 2015, 2075 , 

 2135), (30)  (1956, 2016, 2076, 2136), (31)  (1957, 2017, 2077, 2137), 

 (32)  (1958, 2018, 2078, 2138), (33)  (1959, 2019, 2079, 2139), (34)  

 (1960, 2020, 2080, 2140), (35)  (1961, 2021, 2081, 2141), (36)  (1962, 2022, 

 2082, 2142), (37)  (1963, 2023, 2083, 2143), (38)   (1964, 2024, 2084, 2144), 

 (39)  (1965, 2025, 2085, 2145), (40)  (1966, 2026, 2086, 2146), (41) 

  (1967, 2027, 2087, 2147), (42)  (1968, 2028, 2088, 2148), (43)  (1969, 

 2029, 2089, 2149), (44)  (1970, 2030, 2090, 2150), (45)  (1971, 2031, 

 2091, 2151), (46)  (1972, 2032, 2092, 2152), (47)  (1973, 2033, 2093, 

 2153), (48)  (1974, 2034, 2094, 2154), (49)  (1975, 2035, 2095, 2155), (50) 

  (1976, 2036, 2096, 2156), (51)  (1977, 2037, 2097, 2157), (52)  

 (1978, 2038, 2098, 2158), (53)  (1979, 2039, 2099, 2159), (54)  (1980, 2040, 

 2100, 2160), (55)  (1981, 2041, 2101, 2161), (56)  (1982, 2042, 2102, 

 2162), (57)  (1983, 2043, 2103, 2163), (58)  (1984, 2044, 2104, 2164), 

 (  59)  (1985, 2045, 2105, 216), (60)  (1986,  2046, 2106, 2166) 

     : 1, 2, 3, 4, 5, 6        . 

        .     

  .      .    

   .  60 ,   “ ” ,  

  “ ” .       ,   , 



    .   “ ”   ?  

  “  ”, “  ”      

        “ ” ,  

     . 

  73   .     21  .  73  

   37   12  (21   ) ! 

      . , , .. ,    

      .  +  =   ,  + 

  =   .  +   =   .      

       . ,  +  = 

      .      

      : 

       ( , , , , , , 

 ೞ ), - -   -        

    (metathesis)       

         ( . Telugu 

 Verbal Bases p 51-52). : 

 ( ) < *  

 ( ) <  < *  

  <  < *  

      +      : 

  +  >  >  > . 

             

  . 



 11. , : 100   “ !”  

 “ ”  , “ ”        

  .  “  ,” “  ”    "  ," "  

 "  .  " , "   . 

   .        “   ” 

  “  ” .       “ ”.   

    . 

          . 

   ,   ;  “  ”    

      .    

  108.  108  .   27 

  ;  4   27 x 4 = 108 .   

   108 “ ” ! 

  108    .        

 . 

   , 

    

 “    .    . 4 ×108 ×10000 × 

 1000.  4,320,000,000   .    .”   

      . 



        108   (149.6/1.39 

 = 107.6).       108   

 (384,400/3474 = 110.65). (      ,  

 .)      ,     

 . 

 “  ”   “ ” .      

   . ,    ,   

  . 

        .   100 

  “  ” 112.    . “  ”  112 

 . “  ”  112 . 

         .  

  “   ”  “  ”  .    

 ? ,   ,   , 

   ,  . 

       .    “    

 ”  .          

 . 

  120       .  

     -  -    :  - 6,  – 

 10,  – 7,  – 18,  – 16,  – 19,  – 17,  – 7,  - 20.   

  120 . 



  “ ”       .    

     30  42       . 

 “ ”     .        

 , . (     .)   750  

   .       

 .      !     

  !    “ ” . “ ”  

 . “ ”       .    

     . 

  700  ;   ! 

   .    ,  ,    

 : “   ,  ”.  “ ”  “ ”   

 , “      ?”   .  

       . 

  “ ”   .    .  

  ,          

 “ ”        ! 

    .   “ ”    “ ”    . 

 “  ”           

 . 

         1729.   

 ,          .  

 “  ”  . 



   “ ”  ! “ ”  “ ”  ” ”,  

 .   ?   “ ”   “ ”  

 “ ” .   .  "  "   " " 

  , .    . 

 ,  ,        (33 

 )   . 

        .      

  . 

  1 

  10 

  100 

  1000 

  10000 

  100000 

 1000000 

  10000000 

  100000000 

  1000000000 

  10000000000 

  100000000000 

   100,000,000,000,000 

  100,000,000,000,000,000 

           !   

   ,    , ,     

 .  ,  .      . 

    ,  ,   !    



    (100,000,000,000,000,000) “ ”  .   

  (100,000,000,000,000) “ ”  .  86,400     

        1,000,000, 000,000 

   .  3.18   .    

  “ ”   !      

   ;   ! 

             

     .     .  

    ?      “ ”   

   “ ”  .    .   

  " "    !! (        

  !) 

       ?  “ ”    

  . 

         “  ”  (  

   !). 

 “       …..?”  . 

         . 

       , “ !” . 

          “ !”  

  !! 



 12. ,  :   

        .    

   . 

         .   

            

 . 

 ,    3000  ,     

 (wedge)     .     

        .     

  .   1500  ,     

 ,       .    “  

    ” (> )    ,   

      .   10  .   

    .          

   .    ><     X  

      ! 

         ,       

   .       ( ), 

  ( )        . 

 "     "   ,   

       . 

   ,         

 .   A, B, C, D   ,   , , , … 

      1,   2,    3,   4,   5, 



   8,    9,   10,   20...  ... ,  

  . 

        .   , 

         .   1, 5, 

 10  I, V, X   .  50  L, 100  C, 500  D, 1000  M 

 .  C  " "   , M  " "    

 . 

     .     0, 1, 2, 3, 4, 5, 6, 7, 8, 9  

       ,    " " 

  , " - "    ,     

 .       ,  ,  

         ; “ ”   - 

     ,    . 

  ,     ,  .     

 ,       .     , 

  .  ,   ,     

  .          

      .    " "  

  " "      " " (cipher)     

   .        " " ,  

   " " (zero)   . 

             . 

          .     

 ,  ,  ,      

    . 



         .  

    ,     .     

 .      .       

        "  " .   

              

 ,   .          

   . 

              

  .   0  9       

  ?       ,     

   ,         

 . 

       . ,    

 .    .       ,  

   ,    ,    .   

      . 

 ,      . , 0, 1, 2, 3, 4, 5, 6, 7. 

        .   7   ? 

        ,     1 

 ,   0, 1, 2,   7   . ,  7 

  10, 11, 12, 13, 14, 15, 16, 17   20, 21, ... .   10  

 " " .      .    10   

  .    11  “ ”  ;    

  .   10     “ ”  “ ” 

         “  ”  . 



     .      

 .  - 0, 1.           1  

   .  0, 1   10, 11.   99 , 

  11 .   11    100 (  ‘ ” , 

 ‘ ’ .     .”)       

    . 



 13.    

                 

 .  ! 

        ,       

 “   ,” “3,30,000 ”    .  

     "  ,  ,     

         .  ,   

    . 

         :  (1),  

 (10),  (100),  (1000),  (10,000),  (1,00,000),   

 (10,00,000),  (1,00,00,000)  (10,00,00,000).   ;   

      .    ;  

 ,   .        

       . 

      ,   ,    

   .     .  

  .        10  " " . (  10 

   10  1   .)           

  " " . (  100   10  2   .)       

    - " " - . (  1000   10  3   .)     

      ?       

   " "     "  " (10,000  10  4  )   

   .     "  " (   ) 

  " "    . (1  = 10  5  ).    " "  "  "  



 " "   . (10  = 10  6  ).      -  - . (1  = 10  7  ). 

  "  " (= 10  8  ).       "  " (= 10  9  )   

  .     "  " , "  " (=10  10  )    

  ; “ ”      ,    "  " (= 10  11  )  

 ! (    ,  "    " "     

 .      ;     .) 

     .       " " 

    ,       ,  . 

     "  "  " " (= 10  12  ) . 

     (= 10  13  ),     (=10  14  ),  (=10  15  ),  

  (=10  16  ) , .       3,00,000  

   3x10  12   3  . 

   ,  . 

 :      .    . 

    ? " , "    

    , ,     

      ! 

 :    " ," " ," " ," " "  

 .     lakhs, crores, millions, billions ; 

 lakh, crore, million, billion  . "   "   

 "four lakh rupees"  .  "   "  "ten million dollars"  

 .  "    "   lakhs of rupees were spent 

 in bribes . "    "   "millions of dollars were 

 wasted"  . ...   .    

 . 



               

 . (    , /     .)  

   ;       ,    

 . 

       .    "  "  

 "  "    ,  .  "  "  “ ” 

 .      : ,  , ,  , , 

  , ,    (   ), ,  (  

  ),   .   " "     

   " "   " " .)  " "    

           . (      10  8 

  1  8   .) 

 1 = 10  0  =  

 10 = 10  1  =  

 100 = 10  2  =  ( ) 

 1000 = 10  3  =  ( ) 

 10,000 = 10  4  =   ( ) 

 1,00,000 = 10  5  =  ( ) 

 10,00,000 = 10  6  =   ( , ) 

 1,00,00,000 = 10  7  =  (  ) 

 10,00,00,000 = 10  8  =   (  ) 

 100,00,00,000 = 10  9  =   ( ) 

 10,00,00,00,000 = 10  10  =   (  ) 

 1,00,00,00,00,000 =10  11  =    ( ,   ) 

 10  12  =    ( , ) 

 10  13  =    ( ,  ) 

 10  14  =   (  ,  ) 



 10  15  =   ( , ) 

 10  16  =   (  ,  ) 

 10  17  =   ( ,  ) 

 10  18  =   (  , ) 

 10  19  =   ( ,  ) 

 10  20  =   (  ,  ) 

 10  21  =   ( , ) 

 10  22  =   (  ) 

 10  23  =  (  ) 

 10  24  =   ( ) 

 10  25  =  (  ) 

 10  26  =   (  ) 

 10  27  =  ( ) 

 10  28  =  (  ) 

 10  29  =  (  ) 

 10  30  =  ( ) 

 10  31  =  (  ) 

 10  32  =  (  ) 

 10  33  =  (  ) 

 10  34  = ?? 

 10  35  =   (  ) 

 10  36  =   (  ) 

 10  37  =  (    ) 

 10  38  =   

 10  39  = ?? (   ) 

 … 

 10  55  =  (  ) 

             

   . 



 14.    

    ,      .  

       . 

            

 .       .    , 

  , 30   !      . ?  

   . ,    ,     

 .       ,    

 .      ,      

   .      . 

       . , , , ,  ,  

 , "  ," ...  . 

         .   

  (mille)  .    “ ”     “ ” 

 (millione)    "  "  “ ”  .    

 .     - one, ten, hundred, thousand, ten thousand, 

 hundred thousand, million,..    . 

 . . 1484  N. Chuquet   billion, trillion, quadrillion, quintillion, sextillion, 

 septillion, octillion, nonillion       .   

 1520    .        . 

 bi (2), tri (3), quadr (4), quint (5), sext (6), sept (7), oct (8), non (9) 



   ,           .  

        . 

 1   

       - 

 ●    1,000,000: (   ) 

 ●   , (1,000,000)  2  :  ( )      (  1 

  12 ) 

 ●  ,  (1,000,000)  3  :  (  )      

 (  1  18 ) 

 ●  ..... 

 ●  ,  (1,000,000)  9  :  ( )      

 (  1  6 x 9 = 54 ) 

 ●  ,  (1,000,000)  10  :  ( )      

 (  1  6 x 10 = 60 ) 

 ●  ,  (1,000,000)  20  :       (  

 1  6 x 20 = 120 ) 

 ●  ,  (1,000,000)  100  :       (  1 

  6 x 100 = 600 ) 

    ,       .  

    ,     1    

 ,    ,  . 



 2   

        .     ,  (1000)  

    2     " " . 

        ,     

   . 

 ●  10,  

 ●  100,  

 ●  1000,  

 ●  1000  2  = 10  6  ,  

 ●  1000  3  = 10  9  ,  

 ●  1000  4  = 10  12  ,  

 ●  1000  5  = 10  15  ,  

 ●  1000  6  = 10  18  ,  

 ●  ....... 

 ●  1000  11  ? = 10  33  ,  

 ●  1000  22  = 10  66  ,  

 ●  1000  ?  = 10  100  ,  

 ●  1000  ?  = 10    ,   

   " "         

 .     .        

  .          . 

              

  .        ,    

   .        

  ,        .   

    .  . 



           .   

  200  (200,000,000,000 = 2 x 10^11 = 2 x 10  11  )   

   .      (100,000,000,000 = 10^11= 10  11  ) 

  .    2 x 10^22 = 2 x 10  22   .  

        10^80 = 10  80   (atoms )  

   ! 



 15.     

        .     

   , ,   . 

 . . 1945     .     .  

     . 

 . . 1950   ,    ,   

             

 . 

 . . 1992    ,         

   839    .         

 839  !. 

 . . 2019    30         

            

     . 

           (100 )  

 .         

      ,  10   ,  , 

    9 .       

 .     10 ,    ,   9 , 

  – 10^9 – .      .  10  9 



         .   ( . . 2019) 

    7  – , 7,000,000,000 -  .    2 x 

 10^22 = 2 x 10  22        !     

 2  22  .        

 .    10^22    2 x 10  22        

 .       (exponential notation) . 

     –  1,000,000,000,000 –  . 

      . 

 . . 2012      .    

   .          

 ,     . 

       “  ”  “  ” 

 .  ,         

 . 

           . 

   1  33      “ ”  

 –      . 

        .  “  

 ”    ?    !    

             .   

       . ,     

 “ ”   .     .    

         .  

     . 



         .      

   .   , .     

      .       

  .     .     

 . …     ,  . 

    .     ,     

  .      11    

     .      

     .  12    

 “   ,  ,   

 .        ,  

  .        

  .     .    

 .    ,         

  ? 

       .    

   11  59      12   

 .  11  58    .   

        . 

     .    .  . 

   . 

   .  30      . 

  . . 2050     14   .  



  .        

    . 

   ,     .      

    .     .   

       .    

    .   . 

          ?  

          .   

 10^30,   10^31,   10^32,   10^33,   

 10^34   . -        

     .   10^55.     

        . 



 16.  :  ,   

      ,    . 

  ,       ,   

    .        ,  

         ,    

    .      

 " " (numeral)    , " " (number)     

  . 

     " "    .    

 ,  ,       . 

           . 

            

   .      , 

  ,         , 

   . 

      ,      

 ,    ,  ,  

    .       (arithmetic) 

 . 

    .   ‘ ’   .    

      .      . 

   , , ,.., .   1, 2, 3, …, . 



    . , ,    .  

  . 

 ,      1, 2, 3, …,   

   .  , ,   ,   

   .    .  . 

 1    (Natural Numbers) 

            

 .   1, 2, 3,…,  .    -   

   1, 2, 3,… ,       

 “  ” .   , 1, 2, 3, 4, 5, 6,……  , 

       (sequence)    

  (natural numbers).         

 (counting numbers)   . 

     .        

    .  3  5   8 .  3, 5  

 ,     !        

 .   .      .  

     ,       .   

     .        

    ‘  ,’  ,  -   

  .      .   

      .    “ ” (closure) 

 .    “ ” .       

        : “  

      .” (Natural numbers are closed 



 under addition.) ,         

 ! 

    , ,      : 

         ?  

     .  7  5  2 .  7, 5, 

 2  .  5  7    . (     

   .)     - 2  .  - 2  

   .  .    5   5  0 

 .      0, - 2   ;  

    1  . ,      

  ;  ,    .    

     . 

     ,     

 ?   ?       

  ;  , ,    .   

 , ,       (integers or whole 

 numbers)    .   .     

    ( ,  ) .   

        . 

 2 ,   (Positive and Negative Numbers) 

    “ ”     , “ ”  

     .     10   ‘  10’  

 , ‘  10’  , ‘+10’   .       

   ‘  10’  , ‘  10’  . ‘-10’   .  ‘ ,’ 

 ‘ ’    ‘ ,’ ‘ ’      



     ;  ( , )    

  . 

 3     (Integers) 

           0, 1, 2, 3, 

 …   ,     -1, -2, -3, …   ,   

    (integers)  .  ….-3, -2, -1, 0, 1, 2,3,…  

 .  -1, -2, -3,…   ;  (0)     

      0,1, 2, 3, …   . 

        , ,   

     .  5  2    7   

 ; 2  5    -3   ; 5  2    10 

   . , , ,      

  . 

 , ,  ( )    ?  

      .  -34  2  

  -17 .   ;      

       .   -17   2  

     .     

  .         . 

     .     . 

  ,     (number line)     

 (  1 ).           

 . 



  1.       . 



 17.  : , ,   

   ` ` (fraction)  .  ,   ` ` 

  '    '  ; ` `   .  

   ` `    .  “ "  "   

 "       “ ”   .   

           . 

      .  ` `  ‘ '  

    ; ,    ,  .  

  1650  `  ’ (Rhind papyrus)  1/2, 1/3, 1/4, 1/5   

  (   1  ), 2/3    .   

  , 1/2   , 1/4    .     

    . ,   , 2/3  ,  

      .   3/4   ,   

          .   

     . 

 1   (Rational Numbers) 

  ,           . 

 ̀  `  ,     .     

     .     '  ' 

 (rational numbers)  –  ‘ ’ (ratio)   . (' '  

     : ,  ,   

  .)     , , , 

        .   

 (arithmetic)    . (Rational numbers are closed under 



 arithmetic operations).         

 . 

             

  .    (algebra)  .  

  (square root)     .  2  

   1.414.     1 ,    

  ,        . 

       . ,  , 

   , .   ?  2    

  ,   (   ) .    .    

    .       

   .      

 .          (irrational 

 numbers) . , “ ” . ,   . 

 2   (Irrational Numbers) 

        .   ` ` 

 (irrational)  . ` `   ` .`    ` `   

 ̀ `  (ratio)    .       

  (rational numbers).          

  (irrational number).    ,      

         . 

     ‘ ’   , ‘ ’   

  .    .  :   

 ‘   ’    . ‘   ’  

    .      



  ‘ ’  ‘ ’    ‘ ’   .  

 :  ‘ ’        

  .       ‘ ’  

 ‘ ’ , ‘ ’  ‘  ’  .   . 

   ,       . 

         .  

             

        .     

 .    ,        

     .         

 ,   ,    (  2  )  2 

 .       .         2 

      “   ”   .  2 

         

   .       ,  

 .             2 

   14        .     

             

    . 

        ( )     2 

 ,        ( )   

     .     (golden ratio)  .  

  (1 +  )/2.              5 

           . 

     .      



  ,   .      

 .  ,          

   . 

  ,       .  1,  2 

  

  1       . 

  2        . 



 3     (Transcendental Numbers) 

      (algebraic equations)   

  .           

 .     .       π

 ( ).             

 .       .   “ .”    π

     ,        

    .       .   π π

  39    

 = 3.14159 26535 89793 23846 26433 83279 50288  420…. π

   (natural logarithm)     e   . 

  e  26    

 e = 2. 71828 18284 59045 23536 02874 …. 

 4       

       3   . 



  3      



 18.   (Complex Numbers) 

        .  ( )   

     ( )  .         

  0 , ,   1, 2, 3, .....     

     .      -1, -2, 

 -3,.....    .  ½, 2/3,     

  (rational numbers)   .     

    (irrational  numbers),  , e,     2 π

 (transcendental numbers)         . 

 1   (Imaginary Numbers) 

    –       

   -       . 

  x  2  +2x + 2 = 0        (roots)  

  (zeros)   (  )     ( ,  4   −  4 

 )    .  (  )  ? ,   −  4 

     (- 4) ?   , 

     (   ,   ) 

         .    

     .       

    .          

   . ,        .  , 

 , ,     (closure)   

  .  . 



        .    ?  

         .   

  .    ? 

 2   (Complex Numbers) 

      .    .    

   .     ,  .    

    .        

 .    .     ;   .  

 “ ”   “ ” .       

 .         .    

       ,     

 ,     ,    

 . ,    " "  . 

       .    

     .  "  ."      

      , .      . 

     ?   “  ”   .   

        “  ”   

 .       ,   

 .   (3) .   (4) .  

 "  "    ,    3  ,    4 

   .     (-2, 5)      

  ,      5  .  . 



  1   (x ),   (y),   (x, y) 

 !  “ ”   ,     .   

   “ ”  , , ,      

   .         

         . ?   

     .       , 

   ,   .         

       "  "    . 

    .       .  

     ,  ,         −  1 −  2 

 .     = i  ,  = 2i      −  1 −  2 

  .   ,  ,  ,   

  (imaginary numbers)  .    "  " (complex 

 numbers) .     ,     

       i   .    (3, - 

 4i)  3       ,   4     

    . 



     " ," " "       

   "  "     "  "    

 .   ,   .    complex 

 numbers     “  ” .   

 ?   ( )  “ ”  ,  (imaginary) 

  “ ”  .   complex, real, imaginary  

 .         

 ,    . 

    .         

             

    . 

      (complex plane)   . (  18.2 

 ).       (real axis) .    

       (imaginary axis) .     

   ,             

  .   “  ” (complex number) z    

  “  ”     .    ?   z  

   x,   y  z = (x , i y )  z = x + i y . 

  2      z   



 3 ,   

             

 ;           .  

             

 .   “    ”       

    .        

        .    

            

 “   ” . 



 19.  (Infinities) 

          ! 

 ,   ,        

 .     ‘  ’ (real line)  .    

      .      ,  

    ,  ‘ ’  .  ,  ,   

      ‘ ’  .    

  2, 3, 4,….   .      -1, -2, 

 -3,  .       (  )   

  ,          

 .         .  

        .   

           . 

       (infinite)      

  .   “1, 2, 3,…,”  .  3   

            

 ! ,         ,  , 

   .  "   "    (infinity) . 

 ,     .  1, 2, 3,   .    

   , , ,  .    

   '0'   ,  ' '    (  8)   ∞

 .  0 ( )   ( )     .   ∞

 “ ”  ;  , ,  .   

   .  ,  ( )   , , , ∞

   ;     ;      ! ∞

             

 .   " " ,   . 



        .    

 1, 2, 3, ...,      .    

  0, -1, +1, -2, +2, -3, +3, ....,      

 .         ?  

             

 .  1      ,     

 ,     " -  " (one-one correspondence) 

      .        

        .    

      .      ! 

  1   (Naturals)     (Integers)   

    . 

    .  ,       

  .  1 , 2   1/2, 1/3, ¼,…  .  ; 2/3, 

 2/4, 2/5,   .  ; ¾, 3/5,   .  “ ” 

       . 

  ?           

 .       , 

   .    ? “  

  ” !    “ ”    “  



 ”   . ? !   ;    

           (Cantor) 

  .  .    . 

  2  (  )     

        (  2 ).    

    . -      (row)  

 . -      .     

    .         .  

      .    . , 

  ,     ,     

    .  2    (row)   

       . ?   

    .    2     

 .       .  2    

      .       

  .    ,   -   

  .         ! 



     .        

  ?            

 ?    .      

 “   ”    “   ”  

 .        .  

             

  . 



 20.    (Primes) 

       (prime numbers) .   

     .     ,  

             

     .      

       . 

  1, 2, 3, 4, .......   .     .  

  .       (prime numbers);    

  . 

 1     ? 

   1  ,         

 .      : 1   . 

  2, 3, 5, 7, 11, 13, 17, ......,   .     

    (divisors) .        

 . 

       2    ;      

 ! 

  2       .   3 , 4 , 5 , 

 .....,     .     

  . 



     (   )  : 

 1000000000000066600000000000001. 

  1  13 ,  666,  13 ,  1.    

      . 

 . . . 300   (Euclid)   (Elements of Geometry 

   Elements)        

       .  

          

   .         

   ;      . 

       ,   0, 1, 2, 3, ...,  

      "   ” (number line) . 

      , ,    .  

       : 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 

 41, 43 47    50    .    100 

   25   .  .    168 

   . ,         

  ,     .   

       . 

    “  ” .      

   .        

    -    .     

            

 ,    ;    “ ”  

 . 



        ,   (unique)  -  

    -    . : 

 2 = 2 x 1 

 8 = 2 x 2 x 2 

 21 = 3 x 7 

 666 = 2 x 3 x 3 x 37 

 1,234,567,890 = 2 x 3 x 3 x 5 x 3607 x 3803 

     (The Fundamental Theorem of Arithmetic) . 

  ; 2           

       (Goldbach conjecture) .  

   . 

         . 

      2       " " 

 (twins) . : (3,5) ; (5,7) ; (11,13) ; (17,19) ;  (29, 31); (41, 43); (59, 61); (71, 

 73);  .          ? , 

  .       (Twin Prime 

 conjecture).           

   .        

  :  (1000000007, 1000000009),; (1000000409,  1000000411),; 

 (1000000931, 1000000933). 

 “ ”     ( )     ,   

 “ ”     .  360,169 & 360,181   

      12.       . 



   360,653 & 360,749        96. 

  360,287 & 360,289       2.   . 

       “      (gap)   

      ”       

          

 .  ,        70,000,000  

 ,      .   

    4680 ,  600 ,  246     

 .   2        

     !! 

      ? ,    

    .       

 . 

 ,     –    –     ,  

     (prime factors)   .  

    21    3, 7       617 

             

 : 

 25,195,908,475,657,893,494,027,183,240,048,398,571,429,282,126,204,032,027,777,13 

 7,836,043,662,020,707,595,556,264,018,525,880,784,406,918,290,641,249,515,082,18 

 9,298,559,149,176,184,502,808,489,120,072,844,992,687,392,807,287,776,735,971,418 

 ,347,270,261,896,375,014,971,824,691,165,077,613,379,859,095,700,097,330,459,748,8 

 08,428,401,797,429,100,642,458,691,817,195,118,746,121,515,172,654,632,282,216,869, 

 987,549,182,422,433,637,259,085,141,865,462,043,576,798,423,387,184,774,447,920,7 

 39,934,236,584,823,824,281,198,163,815,010,674,810,451,660,377,306,056,201,619,67 



 6,256,133,844,143,603,833,904,414,952,634,432,190,114,657,544,454,178,424,020,924 

 ,616,515,723,350,778,707,749,817,125,772,467,962,926,386,356,373,289,912,154,831,43 

 8,167,899,885,040,445,364,023,527,381,951,378,636,564,391,212,010,397,122,822,120, 

 720,357 

  ,        

 .            

      .     

  .       

       . 



 21.    

    ,     (  , 

  , )     “  ” (trophy wife) .   

  “  ”     .      (pure 

 mathematics) .  “  ”   .   

  (number theory) .         

   .      

 .        .  

         (prime numbers)  .    

 , , ,    .     

    .     ,   

             

    .      

        . 

 1   

   ,     .  , , . . 2013 

 ,      .    

 .            

  ,  .      

   .   ,   ,   

   –       .  1985 

      (  1 )       (Paul Erdős) 

  10      (Terrance Tao)        

  . , 2007 ,  ,     , 

https://en.wikipedia.org/wiki/Pure_mathematics
https://en.wikipedia.org/wiki/Number_theory
https://en.wikipedia.org/wiki/Prime_number
https://www.nytimes.com/books/first/h/hoffman-man.html
https://www.math.ucla.edu/~tao/


      (Fields Medal) .      

 ,   ,    . 

  1         

    ,      

  .          

    . , 2013 ,    

 " ,"        " ," 

            

 " "        

     . 

        ( . 1955).       

          (Purdue)   1991  . 

http://www.mathunion.org/general/prizes/fields/details/
https://en.wikipedia.org/wiki/Yitang_Zhang


 . .  .       , 

 “ ”       .      

              

      , 1999 ,   .  

 “ ”  , 2001        

 ,        .  2013  

          

 .          (the bounded 

 gap problem)  .        

 .       ! 

 2   ( )  

    (prime numbers)  1  ,       

    .   2, 3, 5, 7, 11, 13, 17, ......,  

  .       (divisors) .  

    (2 )    .   3 , 4 , 5 , 

 .....,     .     

  . 

      .  (Pythagoras)  ( . . 500 – 

 300)     .        

 (perfect numbers) ,     (amicable  numbers)    

 . 

   6  .  6      (factors or divisors),  1, 

 2, 3  .     6 .   28   

 .  28  1, 2, 4, 7, 14 ;   1 + 2 + 4 + 7 + 14 = 28 

 .          

http://www.newyorker.com/magazine/2015/02/02/pursuit-beauty
https://en.wikipedia.org/wiki/Prime_number
https://en.wikipedia.org/wiki/Perfect_number
https://en.wikipedia.org/wiki/Amicable_numbers
http://www.mathsisfun.com/prime-factorization.html


   .  220, 284      

 .     . 

    ( . . 300)       

 .   “ ”      

   .        

   :   (1  )     

 (product)  .  6 = 2 x 3.   42 = 2 x 3 x 7.  60  

 2, 3, 10   .  60      : 60 

 = 2 x 2 x 3 x 5.  “          

 ”   . 

    –    –     ,   

    (prime factors)   .  

       .   

   .         

     . 

 . . 200   (Eratosthenes)     “    

  ”       .   17   

          .  

  .      .    

        ,  .   

    . 

 3      (Bounded Gap Problem) 

       ,   0, 1,  2, 3, ...,  

      "  " (number line) . 

https://en.wikipedia.org/wiki/Sieve_of_Eratosthenes


      , ,    .  

       : 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 

 41, 43 47    50    .    

   ,  1  100 ,     . 

  .    168   . ,   

        ,   

   .      . 

        . 

           -   

  .         

       ,    

 ;      “ ”  .  

 "  " ( , 10      )     

   ,  " "    . (   1 

  100 , "  "  1   .) 

            

     .       

       . (The whole 

 number line can be produced using nothing but primes.)     

     . 

       .      , 

     . 

 (1)   (2  )   . 



 (2)      2   "   "  

 " " (twins) . : (3,5); (5,7); (11,13); (17,19); .    

      ? ,  . 

 (3)      4   "   "   

 (cousins) . : (3,7); (7,11); (13,17).    . 

 (4)      6   “   " . 

  .    6  sex     “sexy  

 ” . : (5, 11); (7, 13); (11,17).      

 . 

 , , , ....,   “ ”   . 

  “ ”  “ ”   .        

   “ ”     . 

 ,   : 

 (5)              

  (absolute)   . : 199, 919, 991.   21  

   : 2, 3, 5, 7, 11, 13, 17, 31, 37, 71, 73, 79, 97, .  

   . 

 (6)    (palindrome)    : 700666007.      

  !  666    " " (beastly)     

 . (    666  .) 

http://eemaata.com/misc/kacikalu.pdf


 (7)           

     (cyclic)   . : 1193, 1931, 9311, 3119 

     . 

 (8)        (  0, 3, 6, 9)    

    (curved-digit prime) . 

 (9)     ,     

     " " (deletable)   . : 

 1997.     1, 9, 9   997, 97, 7  

 . 

 (10) " " (Cuban)  ,      .  

 " "  " " (cube)    .   “   

 ”    . 

         . 

         .     

       (frequency)   (density) 

     ; ,        

 (gap)  .         

  !           

 .    360,000      12.8 

 “  ” . (   ,   N    

    “    N,” (ln N),  .) ,   

      ,    .  

    360,000       :  2 

  . 



  2      

 (1) 360,169 & 360,181       12.    

 . 

 (2) 360,287 & 360,289        2.    .  

       . 

 (3) 360,653 & 360,749        96.    

     . 

         ;   

 . 

             

  .        .   

  (conjecture) – ,     –     

            .  

    ,   ,.....,     

       . 



    2013         

 .           

  "   '     (gap)    

 '   " .  ? !  (   

 , The number of prime pairs that are less than a bound apart is infinite  

 .)         .  

             

  .      “   ,     

      ’ (bounded)  . ,    

            . 

   ,    70,000,000 .”   

          . 

  3    

           

 .              

    (greatest lower bound  infimum) .  70,000,000   

 . ( ,   the number of prime pairs that are less than 70 

 million units apart is infinite.)      . p  n  , p  n+1 

          .  



 p  n+1  – p  n  = g  n          (gap).    

     .    70     

 .    70,000,000   (bound) .    

     (inequality)  :  limit as  n  goes to infinity of 

 the infimum of  g  n  is less than 70 million.        

   4   : 

  4.     

      .   ,    

  ,           

     .    .   

 70,000,000    . 

       .    

     (bound)  246 ,  16  . ,  

  16     !     ,   

   – ‘16     ’    . 

    2         

   (Twin Prime Conjecture)  .   ?  

    . 

          , , 

        . ,      

            ! 

   : 

http://www.britannica.com/topic/twin-prime-conjecture


       .  2996863034895     𝑥     2  1290000 ±  1 

 2,003,663,613 × 2  195,000  − 1   2,003,663,613  × 2  195,000  + 1    

   . 

  3,756,801,695,685 x 2  666,689  -1  3,756,801,695,685  x 2  666,689  -1  

    . 

           ?  

 (Eratosthenes)     .     

         . 

 : 

 1.  Maggie McKee, “First proof that infinitely many prime numbers come in pairs: 

 Mathematician claims breakthrough towards solving centuries-old problem,”  Nature: 

 Breaking News  , 14 May 2013 

 2. Zhang, Yitang. "Bounded gaps between primes,"  Annals  of Mathematics  (Princeton 

 University and the Institute for Advanced Study). Retrieved August 16, 2013. 

 http://annals.math.princeton.edu/2014/179-3/p07 

 3. Erica Klarreich, “Unheralded Mathematician Bridges the Prime Gap,”  Quanta 

 Magazine  , May 19, 2013 

 4. Jordan Ellenberg,  The Beauty of Bounded Gaps:  A  huge discovery about prime 

 numbers — and what it means for the future of mathematics,  Math Horizons  , Sep 2013, 

 pp 5-7, www.maa.org/mathhorizons 

 5. Erica Klarreich, “Mathematicians Make a Major Discovery About Prime Numbers,” 

 Quanta Magazine  , Dec 22, 2014 

 6. Alec Wilkinson, “The Pursuit of Beauty: Yitang Zhang Solves a Pure-math Mystery,” 

 The New Yorker  , Feb 2, 2015 

http://annals.math.princeton.edu/2014/179-3/p07


 6.   , “     ,”  ,    

 ,  105-107, 1985 

 : 

      (July 2015)  

        ,   

         .   

    ;       

 !         , 

 ,   ,  .   

  .   -   -      

 .          

    .       

 .  ,       ;  

           . , 

         .  

        .  

           

 . 

http://eemaata.com/misc/kacikalu.pdf


 22. ,     

  "  "        

  , "   "        

 .   . ,   , 

    . 

 1   

              

 .      1729    "     " 

 , . " !   ,   .   

          "  

   , .     : 1729  

  1  12       ,  9  10  

      .  (       

   .  ^ , *   .) 

 1729 = 1^3 + 12^3  1729 = 10^3 + 9^3 

  

 1729 = 1*1*1 + 12*12*12  = 10*10*10 + 9*9*9. 

  1. 1729       

   (  ,  )        , 

         . 



 "      ?"    , "  

     " .      

     ?      “  

 ”  .         

        . 

       .     

 1729    ?        

 885623890831: (   ) 

 885623890831 = 7511^3 + 7730^3  8759^3 + 5978^3 

 2   

       -  .    

  (  2 ). 

  2.    



     (  )    .    139 

  .    (  )     .  

  139  ! 

         ; 

  : 22 + 17 + 89 + 11 = 139 

  : 87 + 9 + 24 + 19 = 139 

 “ !  ?      ”    

     . 

      . 

 : 22 + 89 + 19 + 11 = 139 

  ?     139 . 

  : 17 + 9 + 24 + 89 = 139 

  : 18 + 87 + 9 + 25 = 139 

  : 10 + 24 + 19 + 86 = 139 

  : 89 + 16 + 23 + 11 = 139 



    .   ?     

      ,     - 

 -  : 12 + 18 + 86 + 23 = 139 

         ,     

  - 

 -  : 88 + 23 + 12 + 18 = 139 

         . 

        . ,  : 22-12-1887. 

     ! 



 23. , :   

          .   

         .   

        . 

 ,         

      .       

     .         

 .       .  “   

 ” ,      .     

     ,    .  ,  

   ,      ,  .   

     ?   “    ”    

    .     . 

      .   “   

  ”   .      

    .      

   .  ,     

   .   .     

  .      (“  ”)  . 

       ,    

        . 

    ,       

 . 

     .    

    ,    .  



      .  ,  

 ,         

  “   ”    .  “   ” 

         “   

      ”     

 . 

 ,   ,       

   . 

        

        

      

        

     ;  24  24 .  

        .   “ ”  

    .    “ ”   

 “ ”        .    

    . 

     25      . 

 , , , ,     -  , 

 , , , ,    -  , 

 , , , ,   -  , 

 , , , ,   -  , 

 , , , ,   -   



 .   1, 2, 3, .. 25    .    

     , , , , , , ,   30, 40, 50, 60, 70, 80, 90, 100  

   . 

    .       . 

 (  **  .) 

 , : 100 ** 0 = 1 

 , : 100 ** 1 = 100 

 , : 100 ** 2 = 10 000 

 , : 100 ** 3 = 1 000 000 

 , : 100 ** 4 = 1  8  

 : 100 ** 5 = 1  10  

 : 100 ** 6 = 1  12  

  : 100 ** 7 = 1  14  

 : 100 ** 8 = 1  16  

     .   . (  *  

 .) 

  =    *  = 1 * 1 = 1 

  =    *  = 1 * (100 ** 1) = 100 

  =    *   = 3  * (100   ** 3) = 30 000 

     . 

  =   +  = 3  + 20 = 23 

  = (    +  )  *  = 23  *  (100  **  2) 

  =    +    =  (2  +   30)  *  (100   **   2)  +   4  *   (100  **   3) = 4 320 000 



     ,    ,    ,  

   ,      . 

           ?  

     .   “  ”.    

 90  24     3.75 .   60   225 

  . ? 

      “ ”   . 

  = 25  *  (100  **  0)  + (2  *   100) = 225 

  “ ”     24  .       

 . 

       .      

 . 

         .   

 ( . . 500)    ,  .    

   . ,    ,   

   .       . 

  , ,         

  ,     . 

        ?   

   ,   .    

        .    



  “ ”   .     

   .     .   

     ,       

 , ,      

             

 . 

 (27  2001 “Nature”,  851       

 ) 



 24.   

 1, 3, 6, 10, 15, 21, 28,...    . ? 

    5       .      

         .      

        .       

         .     

        1, 3, 6, 10, 15, …  

 .    . 

 ●   “ ”  1  . 

 ●   ,   2   ,   1 + 2 = 3 

 . 

 ●   ,    3   ,   1 + 2 + 

 3 = 6 . 

      60     ? 

       .        

   . 



       . 

         : n x (n + 1). 

          : n x (n + 1)/2. 

    n-         𝑥    ( 𝑛 )

 =  𝑥 ( 𝑛 )    𝑛    ( 𝑛    +  1 ) /2 

       5-      

   . 

 =  𝑥    ( 5 )    5    ( 5    +  1 ) /2    =     15 

  .   60-     , n = 60 

 . , 

 =  𝑥    ( 60 )    60    ( 60    +  1 ) /2    =     1830 



          .  𝑛    ( 𝑛    +  1 ) /2 

        ?   

           

 . 

    (Gauss)      , 1, 2, 

 3, 4, 5, 6, 7, 8, 9     , “       

 ?”  .      45   

  . “  , !”  , “   1    9 

  10 .   2  8  10 … “   !  

         !! 



 25.   

     (integer)        

  (square number) .  3  3   9   9  

   .   3^2 =  = 9     3 x 3 = 9   3  2 

 .      ;  . 

  1, 4, 9, 16, 25, 36, …   .     

  .      “ ”    

 . (  .)    0^2 = 0, n    n^2. 

     (point)   . 

          (line)  . 



       (straightline)  .   1, 2, 3,... 

    .       (degenerate) 

    ! 

       (degenerate)    

 . 

        ,     (triangle)  

 . 

            ,   

     (triangle) . 

  1, 3, 6, 10, 15,    (triangle numbers) .  

         (degenerate)  ! 

   1, 4, 9, 16, 25,    (square numbers) . 1 = 

 1^2, 4 = 2^2, 9 = 3^2, 16 = 4^2   1, 4, 9, 16, 25,      

 .  square     , ?  " ", 

  " ." 

      . 

 (1)     8    1  . 

 . 1^2 = 1  8    1. 

 3^2 = 9  8    1. 

 (2)    5    0 , 1 , 4   . 



 . 1  5    1. 

 4  8    1. 

 9  8    1. 

 (3)  n^2     .    n    

  . 

 . 5^2 = 25 = 1 + 3 + 5 + 7 + 9 

 . 4^2 = 16 = 1 + 3 + 5 + 7 

             

 .            

   ?  2x2     3x3  

 ?  3x3     4x4  ?  nxn  

    (n+1)x(n+1)  ?      

  : 

 + (2n + 1) = (  𝑛  2  𝑛 +  1 ) 2 

        .    

         .    

       . 

   -   (identity)       

 . 



     “   ” (product of two sums)  . 

  “ "     .     (sum of two 

 squares) ,     (598-688)   

  .    1225   .   

    : 

  “ ”    ,   . 



 26.  ? 

 1.     1, 2, 3, …    .   1000 

            

  .       , 

      “  ”  . 

 2.   (0)     . . 600     

 .  “ ”        cipher 

 , zero  . 

 3.    ,      . 

 4.   ( . . 1170-1250)      , , 1, 

 1, 2, 3, 5, 8, 13, ....,     ( . . 1089-1173) 

    .        

   . 

 5.          1000  

   .          

 . 

 6.    2  5    2, 5 . 

 7.    2   . 

 8.   (0)      . 



 9.      “ ”      

     .   1  100 . 

 10.  “   “  1   .   “ ”     

        . 
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